The configuration space of the planar mechanism of a robot with n arms each of which has a rotational joint and a fixed end point is studied. Its topological type is given by a Morse theoretical way and a topological way.
Introduction
Toma proved that the configuration space of planar pentagons with edges of lengths 1, 1, 1, 1, a is homeomorphic to an orientable closed connected surface Σ 4 of genus 4 if 0 < a < 2, and to S 2 if 2 < a < 4 ( [8] ). This is a generalization of the theorem of Havel ([3] , [4] ) that the configuration space of equilateral pentagons is homeomorphic to Σ 4 . It is also a special case of the theorem of Kapovich and Millson [5] et.al., where the genus of the configuration space M(a 1 , · · · , a 5 ) of pentagons with edges of length a 1 , · · · , a 5 was given in terms of a 1 , · · · , a 5 when the space M(a 1 , · · · , a 5 ) is a smooth manifold.
In this paper we give two proofs of Toma's theorem, a Morse theoretical proof and a topological proof. We can apply each of them to show the following. Consider a robot with n arms of length 1 + 1 with rotational joints in the middle. Assume that the end points of n arms are fixed to n points located equally on a circle of radius R (0 < R < 2, R = 1) (see Figure 1 ). Let M n (R) be the configuration space of the planar likage of this robot. We remark that the space of quasi-equilateral pentagons corresponds to the case when n = 2: M(1, 1, 1, 1, 2R) ∼ = M 2 (R). Then M n (R) is diffeomorphic (homeomorphic) to an orientable closed connected surface whose genus is given by 1 − 2 n−1 + n2 n−3 if 1 < R < 2 and 1 − 2 n−1 + n2 n−3 + n2 n−1 if 0 < R < 1.
The configuration space of the planar linkage
We consider the configuration space of the linkage of a mechanism of a robot with arms with rotational joints and fixed end points which can move only in a plane. We assume that its arms can intersect each other. Let us consider the case when the robot has n arms each of which is of length 1+1 and has a joint in the middle, and the end points of the arms are fixed to n equally located points in a circle of radius R (0 < R < 2, R = 1). We remark that the configuration space is not a smooth manifold when R = 1 as will be stated later. Let M n (R) be the configuration space of the linkage of this robot. Let us give an explicit definition. Let C(x, y) denote the "body" of the robot,
be the fixed end point, and N k (p k , q k ) be the joint of the k-th arm (k = 1, · · · , n).
Definition 2.1 Let R be a positive constant with (0 < R < 2, R = 1). Define
The configuration space of the planar linkage M n (R) is given by
We write M n = M n (R) when R is fixed.
Let ∂f k (x) denote the k-th row of ∂F (x) for k = 1, · · · , 2n. Since x ∈ M n if and only if
Proposition 2.2
The rank of the Jacobian matrix ∂F (x) of F at x is equal to
The proofs when n = 2 and n = 6 will be given later. As |x|, · · · , |q n | ≤ R + 2, M n (R) is bounded. An simple topological observation shows that M n (R) is arcwise connected. Hence we have
3 The space of quasi-equilateral pentagons
Let us begin with the case when n = 2. By joining B 1 and B 2 by a line segment, M 2 (R) can be considered as the configuration space M(1, 1, 1, 1, 2R) of quasi-equilateral pentagons whose side lengths are 1, 1, 1, 1, and 2R.
Proof of Proposition 2.2 when n = 2: The Jacobian matrix ∂F (x) of F at x is given by 
for some non-zero numbers k 1 , k 2 , and k 3 . Since the above four vectors have the same length 1, k 1 , k 2 , k 3 = ±1. Therefore rank ∂F < 4 if and only if the four edges in the 2 arms are in the same line, which is impossible unless R = 1. 2
We will show the following theorem in two different ways.
The configuration space M 2 (R) is diffeomorphic to an orientable surface Σ 4 of genus 4 if 0 < R < 1 and to a sphere S 2 if 1 < R < 2.
Morse theoretical proof
In this subsection we give a proof of Theorem 3.1 by constructing a Morse function on M 2 (R).
The number of critical points and their indices of ψ are given according to whether R is greater than 1 or not as follows.
(i) If 1 < R < 2 then there are one critical point of index 0, and another of index 2.
(ii) If 0 < R < 1 then there are one critical point of index 0, eight critical points of index 1, and one critical point of index 2.
Proof: Let Span ∂f k (x) denote the linear subspace of R 6 spanned by ∂f 1 (x), ∂f 2 (x), ∂f 3 (x), and ∂f 4 (x). The tangent space
⊥ , which occurs if and only if (e 2 , 0, 0) is contained in
Therefore, x is a critical point if and only if one of the following three conditions is satisfied:
(1) a 1 = ±e 2 and a 1 = ±b 1 , (2) a 2 = ±e 2 and a 2 = ±b 2 , (3) a 1 = ±b 1 , a 2 = ±b 2 , and a 1 = ±a 2 .
(i) If 1 < R < 2 then the cases (1) and (2) above do not happen. There are two critical points of type (3):
where the ± are taken to be all + or all − ( Figure 2 ).
Lemma 3.3 Put
Then x 0 is a critical point of ψ of index 2.
Sublemma 3.4 A pair of functions ξ = ξ(x) and η = η(x) serves as a system of local coordinates of M 2 (R) = F −1 (0) in a neighbourhood of a point x 0 ∈ M 2 (R) if and only if the dimension of the linear subspace of R 6 spanned by
, and ∂f 4 (x 0 ) is equal to 6.
Then, in a neighbourhood of x 0 , ψ = y can be expressed in terms of ξ 1 , ξ 2 by
Let H ij (i, j = 1, 2) denote the (i, j)-element of the Hessian matrix of ψ at x 0 :
< 0,
which implies that x 0 is a critical point of index 2, which completes the proof of Lemma 3.
2
We can show similarly that
is a critical point of ψ of index 0, which completes the proof of (i) of Proposition 3.2.
Proof of Proposition 3.2 (ii). If 0 < R < 1 then there are 4 critical points
of type (1) (see Figure 3) , another 4 critical points
of type (2), and 2 critical points
of type (3). Just like in the case when 1 < R < 2, there is one critical point of type (3) of index 0 and another of index 2.
Lemma 3.5 Put
Then x 1 is a critical point of ψ of index 1.
Proof: Like in the proof of the previous Lemma, ψ = y can be expressed near
which implies that x 1 is a critical point of index 1. 2
We can show similarly that all the critical points of type (1) and (2) are of index 1, which completes the proof of (ii) of Proposition 3.2. Let us give a cell decomposition of M 2 (R) when 1 < R < 2. In this case the configuration of the mechanism, which corresponds to a point of M 2 (R), is determined by the position of the "body" of the robot and the state of the two arms, which can take 2 2 = 4 possibilities in general.
The index of the k-th arm, ε k ∈ {+, −, 0, ∞}, is given by the signature of tan
, where −∞ is identified with ∞. We say that the k-th arm is positive (or negative) when its index ε k is + (or respectively, ε k is −) (Figure 4 ). The domain where the "body" of the robot C(x, y) can stay is a "dilateral" obtained as the intersection of two circles with radius 2 centered at B 1 and B 2 :
where B 
Suppose the orientation of D ε1ε2 is given by (−1) n , where n is the number of + in the suffixes {ε 1 , ε 2 }. Then the orientations of the four D ε1ε2 fit compatible at E ε10 and E 0ε2 . Therefore M 2 (R) is orientable. It is now easy to see that M 2 (R) is homeomorphic to S 2 . the "body" is located at B k (k = 1 or 2) the k-th arm can rotate around B k and the other arm can take two possibile states. Let e iθ ∞ ε2 ∈ M 2 (R) denote the configuration of the robot whose "body" is located at B 1 with its first arm having angle θ from the x-axis and second arm having index ε 2 (Figure 10) . Define a circle S ;k (k = 1, 2) is identified with the limit as δ goes down to +0 of the configuration of the robot whose "body" is located at B k + δe iθ with the index of the j-th arm being given by ε j (j = 1, 2) . The boundary ∂D ε1ε2 of D ε1ε2 consisits of two edges, E ε10 and E 0ε2 , and two circles S We assume that the orientation of D ε1ε2 is given by (−1) n as before, where n is the number of + in the suffixes {ε 1 , ε 2 }. The configuration space M 2 (R) can be obtained from the union D ++ ∪ D +− ∪ D −+ ∪ D −− by gluing E ε10 ⊂ ∂D ε1ε2 with E ε10 ⊂ ∂D ε1−ε2 and E 0ε2 ⊂ ∂D ε1ε2 with E 0ε2 ⊂ ∂D −ε1−ε2 by the identity map (which yields a sphere with eight holes), and then glueing S Remark:When R = 1 the configuration space M 2 (1) is not a smooth manifold. It is obtained from Σ 4 by pinching all the four 1-handles in the middle. When R = 0 the configuration space M 2 (0) is homeomorphic to the product space of S 1 and the configuration space of equilateral quadrilaterals, the latter is homeomorphic to the union of three circles any two of which are tangent at a pair of distict points ( [8] , [4] ) (Figure 12 ).
The case

Cases when n > 2
Theorem 4.1 The configuration space M n (R) is diffeomorphic to an orientable surface of genus 1 − 2 n−1 + n2 n−3 + n2 n−1 if 0 < R < 1 and to an orientable 
For the sake of simplicity, let us restrict ourselves to the case when n = 6. We begin with showing that the configuration space M 6 (R) is an orientable closed 2-dimensional submanifold of R 2n+2 .
Proof of Proposition 2.2 when n = 6: Suppose
where
, which is a contradiction. Therefore we may assume, without a loss of generality, that c 1 = 0. Then c 2 = 0, and hence a 1 = ±b 1 . Since a 1 = 0, at least one of c 3 , c 5 , · · · , c 11 is not equal to 0. Suppose c 2j−1 = 0 (j ∈ {2, 3, · · · , 6}). Then c 2j = 0, hence a j = ±b j . We can show from a geometric observation that all the 20 = 2 × 5 × 2 possibilities above will lead to a contradiction which is either R = 1 or |CB k | > 2 for some k. 2
We will show that the configuration space M 6 (R) is diffeomorphic to an orientable surface Σ 209 of genus 209 if 0 < R < 1 and to an orientable surface Σ 17 of genus 17 if 1 < R < 2 in two ways. (ii) If 0 < R < 1 then there are 16 critical points of index 0, 448 critical points of index 1, and 16 critical points of index 2.
Morse theoretical proof
Proof:
Suppose x = (x, y, p 1 , · · · , q 6 ) is a critical point of ψ = y. Then 12 k=1 c k ∂f k = (e 2 , 0, · · · , 0) for some {c k }. At least one of c 1 , c 3 , · · · , c 11 is not equal to 0. There are three cases according to the number of c 2j−1 which are not equal to 0.
Case 1: There is exactly one c 2j−1 which is not equal to 0. Let it be c 2k−1 . Then a k = ±b k = ±e 2 . If a k = b k then there is an l (1 ≤ l ≤ 6) such that |CB l | > 2, which is a contradiction. Therefore a k = −b k = ±e 2 , which can occur only when R < 1. There are 384 = 6×2×2 5 such configurations.
is a critical point of ψ of index 1.
Proof: By virtue of symmetry we only have to consider the following three cases.
(1) The case when k = 1.
We can take (ξ 1 , ξ 2 ) = (p 1 − R, p 4 + R) as local coordiantes around x ( Figure 13 ). Then we can show in the same way as in Lemma 3.5 that the Hessian matrix of ψ at x is non-degenerate and has index 1. By rotating the picture by − π 3 , we only have to show that a point x in M 6 (R) is a critical point of (Figure 14) . By taking (ξ 1 , ξ 2 ) = (p 1 − R, p 4 + R) as local coordiantes, y is given by (4) and x is expressed by 
which implies that Hessian matrix is non-degenerate and has index 1.
(3) The case when k = 2 and a 2 = −e 2 = −b 2 .
The above argument, with some modifications of signs in the formulae (3), (4), and (7), shows that Hessian matrix is non-degenerate and has index 1, which completes the proof of Lemma 4.3. Case 2: There are exactly two non-zero c 2j−1 . Let them be c 2i−1 and c 2j−1 (i = j). Then a i = ±b i and a j = ±b j . If a i = −b i then C = N i and hence a j = b j , which implies a contradiction that either |CB k | > 2 for some k or R = 1. Therefore a i = b i and a j = b j . A similar geometric argument as before implies that |i − j| ≡ ±1( mod 6) and that the two arms
There are three cases as follows.
(1) The case when {i, j} = {5, 6} (Figure 15 
where ρ = |N 1 N 6 | is given by (3) with R replaced by R ′ = R/2, we have
< 0 for 0 < R ′ < 1. Therefore, Hessian matrix of ϕ at x 0 is non-degenerate and has index 1. There are 64 = 4 × 2 4 such critical points of index 1.
Case 3: There are more than two non-zero c 2j−1 . Supose c 2i−1 , c 2j−1 , and c 2k−1 are all non-zero numbers (i = j = k = i). Then a i = b i , a j = b j , and a k = b k . At least one of |i − j|, |j − k|, and |k − i| is equal to ±2 or ±3 modulo 6, which leads to contradiction as before.
This completes the proof of Proposition 4.2. 
Topological proof
A similar argument as in Subsection 3.2 works.
The case 1 < R < 2
A point in the configuration space M 6 (R) can be parametrized by the position of the "body" C and a multi-index ε = (ε 1 , · · · , ε 6 ) of six arms defined in Defintion 3.6, where ε j ∈ {+, −, 0}. The domain where the "body" of the robot can stay is a "hexagon" (Figure 18 )
Let D (ε1,··· ,ε6) (ε j ∈ {+, −}) be 64 copies of D. We can identify D ε as subsets of M 6 (R) as before, which gives a cell decomposition of M 6 (R):
A 2-cell D (++++++) has six edges, E (0+++++) , · · · , E (+++++0) , and six vertices, V (0 0++++) = E (0+++++) ∩ E (+0++++) , · · · , V (0++++0) (Figure 19 ). An edge E The configuration space M 6 (R) can be obtained from Σ 17 by attaching 6 × 2 6 /2 = 192 1-handles, which produces Σ 209 .
